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Abstract 

We study thermodynamic quantities of an acoustic black hole and its thermodynamic stability 
in a cavity based on the generalized uncertainty principle. It can be shown that there is a minimal 
black hole which can be a stable remnant after black hole evaporation. Moreover, the behavior of 
the free energy shows that the large black hole is stable too. Therefore, the acoustic black hole can 
decay into the remnant or the large black hole. 
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Bekenstein has suggested that a black hole can have an entropy proportional to the surface 



area at the horizon 

thermal radiation with a temperature 7^ 
where M is the mass of the black hole 



ll and then Hawking has shown that the Schwarzschild black hole has 

= (SvrM)^^ by applying the quantum field theory 
Since then, the thermodynamics has been studied 



in various black holes and thermodynamic local quantities have been calculated in a cavity 



with a finite size 



3, 4, 5, 6, 3, SB- Based on the 



quantum gravity 



and the string theory, the 
generalized uncertainty principle (GUP) with a minimal length 10|, lUl, 
conventional Heisenberg uncertainty principle (HUP) has been intensively studied and many 
interesting applications have been done; especially, some corrections to the entropy by the 
GUP have been studied in Ref. jl^ . isl . Moreover, the GUP has been also applied to study 



17,nj,Qj. On the 



the thermodynamics and the stability in the Schwarzschild black hole [16|, 
other hand, intriguing black-hole issues have been well appreciated in the field theoretical 
framework of fluid because the acoustic analogue is useful in that its thermodynamics, 
such as the Hawking radiation and the black hole entropy might be tested hopefully in 
the laboratory [20|. Indeed, a "draining bathtub" referred to as an acoustic analogue of a 
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26|. 



rotating black hole has been extensively studied 

From the thermodynamic point of view, a small black hole can be created through the 
Gross-Perry- Yaffe(GPY) phase transition when the temperature is over the critical one 27|, 
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29| and it decays into hot fiat space, since it is unstable while a large black hole is 



stable. In this work, we would like to study thermodynamic quantities and the stability 
of the (2-1-1 )-dimensional acoustic black hole based on the GUP. In the GUP side, there 
should be a minimal black hole whose size is comparable to the minimal length so that 
it cannot evaporate completely through the thermal radiation. It follows from the careful 
consideration of the local temperature and the heat capacity on the boundary of the cavity 
with a finite size. For this purpose, we shall introduce the acoustic black hole and study 
its thermodynamics defined in the conventional HUP in the cavity, and then extend it to 
the GUP regime. It can be shown that there is a minimal black hole which can be a stable 
remnant. So, the acoustic black hole can decay into a stable remnant or a stable large black 
hole. 

Let us first study thermodynamics of the acoustic black hole in the cavity based on the 
HUP. In an irrotational fluid, the propagation of sound waves is governed by the equation 
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of motion [2( 

= -l=a^(v^^'^-5,^) = 0, (1) 

where ip is the fluctuation of the velocity potential interpreted as a sonic wave function, and 
the metric is given by 



Po 



- - Vn 



9tiu = — \ , I with i,j = 1,2,3, (2) 

where c is the speed of sound wave, po and Vq are the mass density and the velocity of 
the mean flow, respectively, and Vq = 6ijVQVQ. Note that the velocity potential has been 
linearized as = ipo + ip and Vq = VipQ. We then consider a draining bathtub fluid flow 
described by a (2 + l)-dimensional flow with a sink at the origin. If the metric is stationary 
and axisymmetric according to the equation of continuity. Stokes' theorem, and conservation 
of angular momentum, then po is actually a constant and ipoi^^ 4') = ~Aln{r /a) +B(j), where 
a. A, and B are arbitrary real positive constants [21]. So, the velocity of the mean flow in 
the draining vortex is given by Vq = —r{A/r) + (j){B/r). 

Dropping the position-independent prefactor in Eq. ([2]), the acoustic line element of the 
draining bathtub is given by 

ds^ = -c^df + (^dr + -d?j + (^d(j) - —dt^ , (3) 
where the radii of the horizon and the ergosphere are 



respective^ 
r < oo 25 



A ^/WTW 
th = — , re = , (4) 

c c 

y. Using the following coordinate transformation in the exterior region of A/c < 

m, 

Ar AB 

the metric (j3j) can be rewritten in the conventional form of 

ds"^ = -N^df + N-'^dr'^ + r'^{d(j) - Qodt)^ (6) 

with 

N\r) = 1-4-2 = ^o(r) = 4 = ^H-f, (7) 
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where we rescaled the time coordinate by c for simphcity and Qh = B/{crfj). Note that 
the metric ([6]) looks similar to that of the rotating Banados-Teitelboim-Zanelli (BTZ) black 



hole 

by Ni 



30|. However, it has a slight difference from the lapse function N{r) because it is given 



2 

BTZ 



r^)(r — rj)/{r I ) for the BTZ case. Moreover, the acoustic black hole 



is asymptotically flat while the BTZ black hole has asymptotically anti-de Sitter spacetime. 
From now on, we will consider non-rotating case only, i.e., Qh = 0, for simplicity. 

To investigate the thermodynamics of the acoustic black holes, the entropy is assumed to 
satisfy the area law, since it is independent of the detail structure of asymptotic behavior 
of gravitational field or matter field. In other words, it depends only on the geometry of 
the horizon. In the three-dimensional spacetime, the Bekenstein-Hawking entropy is given 



by 



3l| 



S 



Airr 



H 



(8) 



where the three-dimensional Plank length is chosen as Ip = HG/c^. On the other hand, the 



surface gravity of the acoustic black hole is given hy njj = — IV^x^'V^X;^ 



where we used an appropriate Killing field near the horizon, x'^ = {dt)'^ 32], then the 



Hawking temperature becomes 



H 



Kh_ 

2tx 



(9) 



Heuristically, it can be induced from the HUP, = hj IS.x. Putting Ax = ru and setting 
fi = G = \ for simplicity, the energy of an emitted photon can be identified with the 
black hole temperature with a "calibration factor" (27r)~^, which results in the Hawking 
temperature ([9]). 

Considering the acoustic black hole in a cavity with a radius i?, the local temperature on 
the boundary of the cavity is given by [33 1 

T 1 

f=— ^ = = . (10) 

Note that the temperature of the black hole is necessarily higher than the critical temperature 
Tc = Rj \pl and there exist both small and large black holes for a given temperature T > T^. 
From the first law of thermodynamics dE = TdS for a fixed i?, we obtain the thermodynamic 
energy as 



E 



In 



1 + Vi-ryi?2 



+ u{R), 



(11) 
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where u{R) is an arbitrary integration function which does not affect the other thermody- 
namic quantities. Note that we cannot avoid the infinite negative thermodynamic energy 
when th approaches zero. Fortunately, this divergence can be removed by introducing min- 
imal length through the GUP, which will be discussed in later. On the other hand, as for 
the black hole stability, it can be determined by the heat capacity, 

R 



T \ — 




(12) 



which shows that the small acoustic black hole in < R/ is unstable and the large one 
in the region of R/V2 < rn < R is stable. Even though this acoustic black hole is defined 
in the three dimensions, the stability structure is closer to that of the Schwarzschild black 
hole rather than the BTZ black hole, since the nonrotating BTZ black hole is always stable. 

Now, the GUP will modify the Hawking temperature and then it affects behaviors of 
thermodynamic quantities. The HUP can be generalized into the GUP 1^, [ll, 12, [l^ 



based on some properties of quantum gravity and string theory, which is actually given by 

AxAp>h(^l + f^^^ , (13) 

where it leads to the minimal length of Axmin = 2£. The cutoff i may be chosen as a string 
scale in the context of the perturbative string theory or Plank scale based on the quantum 
gravity. In this GUP, the energy of the emitted photon can be identified with the black hole 
temperature similar to the HUP case so that the momentum uncertainty is written as 



Ap 



Ax 
2P 



1 ± 



4£2 
(Ax) 



(14) 



Here, we have to choose negative sign in Eq. (fl^ , since it gives the correct Hawking tem- 
perature in the HUP for the large black hole 16|. Along with an appropriate calibration 
factor, the modified Hawking temperature can be written as 



GUP 



1 



'1- 



4£2 



H 



(15) 



which is well-defined only for rn > 2£. Of course, Tqup goes to the Hawking temperature ([9]) 
when the minimal length vanishes. It is interesting to note that there exists a minimal 
black hole whose radius = 2i with the finite temperature in contrast to the Hawking 
temperature in the HUP. 
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FIG. 1: The dashed hne and the sohd hne show the profiles of the temperature based on the HUP 
and the GUP, respectively. For ^p = 1, i = 1, and R = 10, we have rc = 50/7, Tc = l/(47rV6), and 
To = 5/(47r^/6). 



For the cavity with a radius R, the local temperature becomes 



T = TGUp/iV(i?), 



(16) 



where th < R- As seen from Eq. f flGj) . the temperature of the black hole is always higher 



T 



rH=rci 



where the critical radius is given by 



than the critical temperature 
i?^/ ^J2{R^ — 2P). There are no black hole states for T < Tc and there can exist both small 
and large black holes for Tc < T < Tq where Tq = T\r^=2t = {'^^)^^RTc whereas only the large 
black hole state is possible for T > Tq, as shown in Fig. [H Then, from the thermodynamic 
first law dE = TdS for a fixed R using the area law ([8]) and the temperature f|T6|) . we obtain 
the thermodynamic energy as 

E = Ei + u{R), 



with 



El 



1 



rH - 4£2 

dr , + R^ 

21 v^l - rVi?2 



1-^ 



i?2 



1 



(17) 



(18) 



where Ei has been normalized to zero for the minimal black hole of vh = 2£ and u{R) 
is an arbitrary finite function depending only on R. For the case of a large black hole, 
the thermodynamic energy from the GUP is the same with that of the HUP, since the 
GUP effect is negligible for the large black hole, which gives the matching condition as 
u{R) = {E — Ei)\rg=R from Eqs. (fTTj) and (fT7|) . The GUP makes the divergent energy 
of the HUP finite and positive while the energy of the HUP is negative and divergent as 



Energy 



2( 



FIG. 2: The dashed hne and the sohd Une describe the behaviors of thermodynamic energy based 
on the HUP and the GUP, respectively. To plot this figure, we used the same data in Fig. [T] 

the event horizon approaches zero, which is shown in Fig. [2l As expected from the above 
matching condition, these two thermodynamic energies are coincident for a large black hole 
comparable to the cavity size. 

In order to check the thermodynamic stability of the black hole, we should calculate the 
heat capacity, 

^ ^ (dE_\ ^ 47r {R'-rl)./r\^^ 

which is negative (unstable) for 2i < < and positive (stable) for < th < R a.s 
shown in Fig. [3l So, the small black hole less than the critical horizon is unstable while the 
large black hole is stable. It is interesting to note that the heat capacity goes to zero as the 
horizon approaches the minimal black hole so that it is no longer unstable and may remain 
as a remnant. Actually, this acoustic black hole is different from the Schwarzschild black 
hole in the GUP, since its heat capacity is negative at the minimal size of the black hole, 
which is unstable jl^. 

On the other hand, there is another way to discuss the thermodynamic stability of the 
black hole. The off-shell free energy in the cavity is given by 

F = E-TS, (20) 



where E and S are given by Eqs. ([8]) and flTTl) . while T is an arbitrary temperature. The 
free energy of the minimal black hole has the negative free energy for all temperatures, since 
the energy becomes zero and the entropy remains finite as th — > 2i. Then, the extrema of 
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FIG. 3: The crucial difference of the heat capacity from the HUP case comes from the end state 
of the black hole, since the stable minimal black hole exists in contrast to the conventional case 
shown in the dotted line. 



FIG. 4: The free energy has two extrema for Tc < T < Tq and one minimum for T > Tq while 
there are no extrema for T < Tc- 

the off-shell free energy can be obtained from 



which yields nothing but the temperature relation f|T6|) . Since there are no black hole states 
for T < Tc, the free energy has no extrema. Note that it has two extrema corresponding 
to the unstable small black hole (maximum) and the stable large black hole (minimum) for 
Tc < T < Tq while there exists only a stable large black hole state for T > Tq as seen in 
Fig. m All these features are compatible with the previous discussion in Fig. [H 

We have studied the thermodynamics of the acoustic black hole in the cavity based on 



Free Energy 



F 




T = 1.1T, 




(21) 
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the HUP and the GUP. In the former case, the energy may become negative and eventually 
diverges as the black hole evaporates completely and this divergence cannot be removed by 
any normalizations. However, with the help of the minimal length in the GUP regime, the 
divergence of the thermodynamic energy does not appear anymore so that we can normalize 
it to zero for the minimal black hole. Since there is a minimized horizon, i 
there exists another critical temperature Tq as in the Schwarzschild black hole 
such that both small and large black hole states are possible within Tc < T < Tq and there 
exists only a large black hole for T > Tq. Note that the small black hole is unstable while 
the large one is stable, because the heat capacity is negative for rn < Tc and positive for 

> "^c- The unstable small black hole may shrink until its size reaches the minimal length 
th = 2^, then the acoustic black hole is no longer unstable and may remain as a remnant. 

As a final comment, the Hawking temperature generically depends on the charges such as 
the mass, the electric charge, and the angular momentum. The metric describing the black 
hole geometry contains the charges and then the Hawking temperature reflects its hairs 
through the Euclidean time formulation. However, in this GUP regime, we can not obtain 
the Hawking temperature directly from the metric so that the GUP improved Hawking 
temperature is still unknown for the rotating geometry. In our formulation, the GUP effect 
does not appear in the metric contents, which means that it is difficult to understand how to 
consider the back reaction of the geometry. We hope this problem will be solved elsewhere. 
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